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You will have three hours to complete the exam, which consists of 40 questions. Among the first 36 questions, you should only solve
problems for standards for which you want to improve your medal from the second exam.
No calculators or other materials are allowed, except the provided reference sheets.
You are responsible for explaining your answer to every question. Your explanations do not have to be any longer than necessary to
convince the reader that your answer is correct.
For questions with a final answer box, please write your answer as clearly as possible and strictly in accordance with the format specified
in the problem statement. Do not write anything else in the answer box. Your answers will be grouped by Gradescope’s AI, so following
these instructions will make the grading process much smoother.

I verify that I have read the instructions and will abide by the rules of the exam:

Problem 37

[POINTEST]

(a) Consider the statistical functional T (ν) which returns the second moment of ν (in other words, T (ν) = E[ X 2 ]
where X is ν-distributed), and let θ = T (ν). Is the plug-in estimator of θ biased? Is it consistent?
(b) Now consider the estimator θb of θ which is defined to be the sum of (i) the square of the plug-in estimator of the
mean of ν and (ii) the plug-in estimator of the variance of ν. Is θb biased? Is it consistent?
Solution

Problem 38

[BOOT]

One thousand voters are polled about their position on a given ballot initiative, and 637 of them respond that they
are in favor of the initiative.
(a) Find the value of the plug-in estimator pb of the proportion p of voters who are in favor of the initiative.
(b) Write an expression which approximates the standard error of pb.
(c) Describe how the bootstrap methodology would be used to produce an estimate of the standard error of pb.
Which approach do you find preferable in this case?
Solution

Problem 39

[HYPTEST]

One Bayesian criticism of the hypothesis test framework is that it doesn’t account for the a priori plausibility of the
alternative hypothesis.
(a) You have a magician’s coin, and you don’t know whether it’s a regular coin or a two-headed or two-tailed coin.
Consider the null hypothesis that the coin is fair, with the alternative hypothesis that the coin favors one of the
two sides. You flip the coin 10 times, and it comes up heads all 10 times. The null hypothesis is rejected with
what p-value? What do you actually believe about the coin?
(b) Now suppose you have a coin that you just got from the cashier at Trader Joe’s. You carefully inspect it and
determine that it appears to be an entirely ordinary U.S. quarter. Once again, consider the null hypothesis that
the coin is fair, with the alternative hypothesis that the coin favors one of the two sides. Once again, you flip the
coin 10 times, and it comes up heads all 10 times. What do you actually believe about this coin?
Solution

Problem 40

[MLE]

(a) Find the maximum likelihood estimator for the family of geometric distributions with parameter 0 < p < 1. (You
don’t need to prove that the value you find is actually a maximum; just differentiate the log-likelihood and solve
for the zero).
(b) I simulated 10 independent samples from a geometric distribution with parameter p and got
0, 4, 1, 3, 4, 3, 1, 14, 0, 13
Use the maximum likelihood estimator to estimate the value of p that I used.
Solution

