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Problem 1
Find the difference between the largest and second-largest representable Float64 values.
Solution
The largest representable Float64 is between 21023 and 21024 , and that interval is into 252 equallength intervals. Therefore, the gap between representable numbers in that interval is (21024 − 21023 ) ÷
252 = 2971 .
Problem 2
Between which two consecutive powers of 2 are the representable numbers exactly the integers in
that range?
Solution
The interval from 252 to 253 has length 252 and is divided into 252 equal-length intervals. Therefore,
the representable numbers in this interval are exactly the integers.
Problem 3
Discuss the error in each of the following scenarios using the terms roundoff error, truncation error, or
statistical error.
R 10
(i) We use the trapezoid rule with 1000 trapezoids to approximate 0 4+1x4 dx.
(ii) We are trying to approximate f 0 (5) for some function f that we can compute, and we attempt
to do so by running (f(5 + 0.5^100) - f(5))/0.5^100 . We fail to get a reasonable answer.
(iii) To approximate the minimum of a function f : [0, 1] → R, we evaluate f at 100 randomly
selected points in [0, 1] and return the smallest value obtained.
Solution
(i) The more trapezoids we use, the more accurate our answer will be. The difference between the
exact answer and the value we get when we stop at 1000 trapezoids is truncation error.
(ii) The real problem here is roundoff error. 5 + 0.5^100 gets rounded off to 5.0, so the numerator
will always evaluate to 0. However, even if we used a BigFloat version of each of these values, there would still be truncation error in this approximation, since the expression we used
was obtained by cutting off the limit in the definition of the derivative at a small but positive
increment size.
(iii) This is an example of statistical error, since the output of the algorithm depends on the randomness we use to select the points.

Problem 4
Consider a function S : R → R. If the input changes from a to a + ∆a for some small value ∆a, then
d
the output changes to approximately S( a) + da
S( a) ∆a. Calculate the ratio of the relative change in the
output to the relative change in the input, and show that you get
d
a da
S( a)
.
S( a)

Solution
The relative change in output is
d
da S ( a )∆ a

S( a)

,

and the relative change in input is ∆a/a. Dividing these two quantities gives
d
a da
S( a)
,
S( a)

as desired.
Problem 5
Show that the condition number of a matrix A is equal to the ratio of its largest and smallest singular
values.
Interpret your resulting by explaining how to choose two vectors with small relative difference which
are mapped to two vectors with large relative difference by A, assuming that A has a singular value
which is many times larger than another. Use the figure below to help with the intuition.

A=

 1 1.2 
1 1

V ′ = −42.14◦ turn

U = 47.9◦ turn
and reflect

0
Σ = 2.105
0 0.095





Solution
The Jacobian of the transformation x 7→ Ax is the matrix A itself, and the operator norm of A is equal
|a|k J (a)k
to its largest singular value. Therefore, to maximize κ(a) = |S(a)| , we minimize the ratio |S(a)|/|a|.
This ratio is minimized when a is the right singular vector with the least singular value. Therefore,
the maximum possible value of κ is the ratio of the largest singular value of A to the smallest singular
value of A.
Problem 6
The determinant of a 2 × 2 matrix can be close to zero either because both singular values are small
or because one of the singular values is very small while the other is not.
Consider a matrix like



1.01 1
1
1



This matrix has a small determinant (0.01). Are both singular values small? Is it possible that a 2 × 2
matrix has unit-length columns and two small singular values (having length less than or equal to
0.1, say)?
Solution
This is not possible. The largest singular value of A is equal to the maximum length of the image of
a unit vector under A. Since the columns of A are the images under A of unit vectors (namely, the
standard basis vectors), the columns have unit length implies that the largest singular value of A is
no smaller than 1.

